The conical bore in musical acoustics
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A survey of descriptive textbooks on musical acoustics shows a need for a legitimate, convincing
explanation for the seemingly paradoxical behavior of the conical bore. We examine the
differential equations and their solutions for spherically symmetric waves in three dimensions,
settling on acoustic pressure as the variable of interest because it behaves more simply than
particle velocity or displacement. Next we solve the boundary-value problem for all combinations
of open and closed ends on truncated cones. The natural frequencies so obtained are then justified
with plots of the pressure standing waves; it is at this point that we find a physically correct
explanation that can be shared with students in a descriptive acoustics course. This pictorial
approach is also used to explain the shapes of the input impedance curves for a straight pipe and a
frustum. We conclude with a careful analysis of the successive distortions to which a pressure
pulse is subjected as it bounces back and forth inside a frustum.

PN

L. BACKGROUND

The cone is an important basic bore shape for wind in-
struments, serving in a relatively pure form for the oboe,
bassoon, and saxophone. Some conical early instruments
are the shawn, dulcian, cornetto, and serpent. The Hebrew
shofar, the Hungarian tarogato, and the Scottish bagpipe
chanter are a few examples of the many folk instruments
that employ conical bores. The shofar and the cornetto il-
lustrate clearly the derivation of this bore shape from its
natural occurrence in animal horns.

Two other simple geometries also serve as basic bore
shapes: the open pipe (open at both ends) and the closed
pipe (closed at one end only). The first of these is found in
the flute, recorder, and most flue organ pipes. The closed
pipe is represented by the clarinet, slide whistle, panpipes,
bagpipe drones, krummhorn, racket, chalumeau, and
stopped organ pipes.

These three simple shapes are all musically useful for the
same reason: the frequencies of their various standing
waves are members of a harmonic series. This is also the
case for the more sophisticated mixtures of closed pipe and
cone plus flaring bell used as the bores for all modern brass
instruments, except that the fundamental or lowest mode’s
participation in the harmonic series is sacrificed. This rela-
tionship is important for the establishment of clear, well-'
%%ntered (stable) notes via the feedback from the bore to a

Ctinear driver. The alignment of higher bore resonances
‘@) the harmonics of the note being played helps to estab-
lish a strong, stable “regime of oscillation” or cooperative
feedback condition among the components of the sound
spectrum and the bore resonances.’

The open pipe has a fundamental wavelength that is
twice the effective length of the pipe, including small, posi-
tive corrections at the two open ends, and it sounds all
harmonics of the fundamental frequency. This is easily
seen from graphs of the standing waves, like those at the
top of Fig. 4, plotted either in terms of pressure variations
as shown there or in terms of particle velocity (or displace-
ment). The two types of graph are complements of each
other: a pressure antinode is a velocity node, and a pressure
node is a velocity antinode for these planar standing waves.
Similar diagrams can be used to show that the closed pipe
has a fundamental wavelength that is four times the effec-

528 Am. J. Phys. 53 (6), June 1985

tive pipe length, now with only one open-end correction,
and that it sounds only the odd harmonics of its fundamen-
tal frequency. The observed behavior of the complete cone
is the same as that of the open pipe; its fundamental wave-
length is twice the cone’s length, and all harmonics are
sounded.

Casual examination of the conical bore might lead one to
expect behavior identical with that of the closed pipe, since
it is obviously closed at its apex. Even when a small portion
is removed near the apex to make a useful instrument bore,
the driver that is attached there functions as a closed end of
the bore, forcing a pressure antinode and a velocity node at
that end. Accurate plots of the standing waves for the
closed pipe and the cone do bear a superficial resemblance
to each other, because they satisfy identical boundary con-
ditions at their corresponding ends. The resolution of this
seeming paradox lies in the fact that the waves in a cone are
spherical, while those in a pipe are planar. Unfortunately,
books likely to be used in a descriptive musical acoustics
course do not handle this situation at all adequately, and
there is even some confusion about conical bores in the
research literature.

II. THE STUDENT’S-EYE VIEW

Our survey of 14 textbooks and references on musical
acoustics found four of these sources” taking the prudent
course of simply stating the basic facts about the cone’s
behavior without pointing up the apparent paradox or ven-
turing any explanation. Rigden® goes into considerable de-
tail about the effects of truncation and discusses a specific
numerical example, but he does not tell the reader how he
did his calculations or attempt to make any physical expla-
nation for what he finds. The full extent of Askill’s treat-
ment’ is the statement that an open conical pipe has the
same resonant frequencies as an open cylindrical pipe, This
statement is true, but its connection with the behavior of a
cone closed at its small end is not immediately apparent.
Berg and Stork® give an equally brief (but highly erroneous)
statement that “any section of a cone will resonate in the
same basic manner as an open tube of approximately the
same length, even if one end of the cone is a reed end > {our
italics).

White and White® show accurate pressure standing
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waves for the second modes in a complete cone and in an
open pipe of the same length, like those at the bottom and
the top of our Fig. 4, but they attempt to explain the conical
standing waves in terms of those for a closed pipe. They
state explicitly that the cone contains odd-integral
numbers of quarter-wavelengths, but the varying diameter
“distorts the wave shape so that the wave shape is stretched
out in the narrow end and compressed in the widening
end”—the clear (and false) implication being that the wave
velocity increases as the bore narrows. This misguided ef-
fort is directed entirely at the shapes of the standing waves
and yields no quantitative results for their frequencies.
Taylor™ uses a different approach, attempting to follow a
pressure pulse as it reflects at each end of the cone. Whereas
White and White need a higher wave velocity in the nar-
rower portion of the cone, Taylor claims that “because the
pipe has shrunk to a very small bore, the speed of the wave
slows down and no real reflection occurs. Whether the end
is open or closed, the wave is effectively damped out” (our
italics). Taylor’s argument, far from yielding the correct
modal frequencies, actually implies that the cone will have
no resonances.

Fletcher’s slim volume! is written not as a self-con-
tained textbook but as a supplement for a standard physics
course. He acknowledges the seeming paradox explicitly
and points out that its resolution lies in dealing with spheri-
cal waves. Unfortunately his plots of the standing waves
ook quite planar, with all the antinodes having the same
amplitude. They are also contradictory in that they show
antinodes for both pressure and velocity at the apex. (The
velocity plots given are really those for an open pipe rather
than a cone.) The discussion speaks of a mathematical sin-
gular point at the apex modifying the first quarter-wave-
length of the standing wave, which sounds rather like the
approach of White and White.

Three interesting and valid contributions are found in
the books by Benade,"'? Strong and Plitnik,'* and the sec-
ond edition of Backus.' Benade stands quite apart from
the others discussed here in that his attention is focused not
on the simple shapes, but on the more sophisticated and
complicated bores of actual instruments, particularly the
hybrid bores of modern brasses. Thus we do not even find
the standard pictures of standing waves in straight pipes in
his books, so the seeming paradox has no opportunity to
arise. Both the pipe and the cone are treated as special cases
of the larger family of Bessel horns, in the spirit of the
mathematical treatment to be found in Morse.” Strong
and Plitnik approach the cone by continuous modification
of a closed pipe, expanding the open end and contracting
the closed end. They then use ideas that are very helpful for
understanding vocal formants®® to discuss qualitatively the
shifts in the frequencies of the resonance peaks. One unique
feature of their treatment is a graph of input impedance for
a cone and for a cylinder of the same length, like our Fig. 5.

In the second edition of his textbook, Backus considers a
sequence of open, truncated cones, starting with an open
pipe and ending with a complete cone, all of the same slant
length. By following the reflections of a pulse wave, he ar-
gues that the modal frequencies remain constant through-
out the sequence. The limit of the complete cone is trouble-
some for this approach and leads to the apparently
self-contradictory statement that “although the displace-
ment is zero at the tip, the shape of the displacement im-
pulse is so changed on reflection that it looks as if it had
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been reflected from an open end.” Backus also argues (cor-
rectly but unconvincingly) that this type of analysis would
not work for a truncated cone closed at its small end; that is
easy to see from the nonharmonicity of the modal frequen-
cies, but not from his description of a pulse reflecting off the
closed end. There are several erroneous claims here regard-
ing the nature of the distortions to a displacement pulse and
the reflection of a pressure pulse at the small end. Backus
concludes with accurate plots of the first three standing
waves in a complete cone, shown both as pressure and as
displacement. (These are also given in Hall* and Rossing.®)
In his discussion of them, he again describes the tip as re-
flecting “like an open end,” even though his figures seem to
contradict that description.

III. THE FORMAL MATHEMATICS

Our overall goal in this paper is to achieve a physically
correct understanding of the conical bore, the essence of
which can be expressed in words and pictures. (Some off;
would even maintain that it is unwise to venture into t
mathematical details without first laying down such an in-
tuitive foundation.) This section is included for those who
feel more comfortable with differential equations and
boundary-value problems. The general problem we consid-
er could be valuable as an exercise for physics majors who
are just becoming familiar with this area; while it formally
requires “spherical Bessel functions of order zero,” in fact
the solutions can be obtained by thinking only in terms of
sinusoids.

A, Spherically symmetric waves

We begin with the linear wave equation of acoustics:
—2d% 1

ar? g M
Notice that this is an equation for acoustic pressure as a
function of position and time. If we express the Laplacian
operator in Cartesian coordinates, then it is apparent that
this equation is also satisfied by any Cartesian component
of the particle acceleration,a; = — p~'dp/dx,. Oneortwo
time integrations will then show that any Cartesian compo-
nent of the acoustic particle velocity or displacement will
also satisfy this equation. Thus among the larger class of
solutions to this equation in three dimensions we find the
familar plane wave or one-dimensional solutions, in which
pressure and particle velocity satisfy the same equation and
show the same behavior.

In this work our attention is focused on solutions w!

spherical symmetry. For that symmetry the Laplacian
takes the form

_, d(Pdp/ar) | a%(rp)
i = @

Since @, = — p~'dp/dr, we differentiate Eq. (1) with re-
spect to 7 to find the equation satisfied by a, :
%,
=0. 3

52 @)
Again, one or two time integrations of @, will show that the
acoustic particle velocity and displacement also satisfy this
equation.

Substituting the second form for the spherically sym-
metric Laplacian given in Eq. (2) into Eq. (1) and then mul-

V% —c

Vip=

VZa, —2r%a, — ¢
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tiplying through by r yields
%) _ 29 *p) _ 0.
ar at?

If we let 7p(r,t ) = P(r,t ), then we get a simple one-dimen-
sional wave equation for P,
a P | 3%P _
ar at?
for which the traveling wave solutions f(r+ct) and

g(r — ct)are well known, Thus we obtain the almost equally
well-known result that
plrt)=fr+ct)/r+glr—ct)/r

is the general solution of spherical symmetry for Eq. (1).
We shall call /(7 + ¢t ) and g(r — ct ) the permanent parts of
the inward- and outward-propagating spherical waves, be-
cause those numerators are simply translated without dis-
tortion as time progresses.

differentiating the spherically symmetric solution for
p with respect to r, we obtain the noticeably more compli-
cated general form of the solution of Eq. (3) for the radial
particle acceleration, velocity or displacement:

19Lfrtet) +glr—et)]
ar
—r 2 f(r+ct)+glr—ct)].

The first term of this solution has the same general form as
that for p, but the presence of the second term prevents us
from identifying any “permanent” behavior in the total
solution. The second term clearly becomes more important
as r decreases, and for that reason it is called the nearfield
term.

Thus we have established a very unsymmetric relation-
ship between p and v for the cases of interest to us. In one
dimension, these two quantities are on equal footing, in
that they satisfy the same equation and have the same sim-
ple form for their solutions. When we have spherical sym-
metry, p satisfies a noticeably simpler equation and has
solutions of a noticeably simpler form than v, does. For that
reason we shall do all our work from here on in terms of p.

B. Waves of a specific frequency

A standard technique for solving Eq. (1) and others that
can be put into a similar form is separation of variables. A
particularly convenient approach is to allow complex solu-

and then take their real parts at the end. The solutions
. ®he temporal equation that is obtained on separation
have the form e*%*, and the spatial equation then takes
the form

Vplr) + @’c7p(r) = 0,
which is known as the Helmholtz equation.

In the case of spherical symmetry, we use the same ap-
proach as in part A to obtain p(r) = e =" /r, where k = w/
¢. To avoid redundancy in our solutions when we take their
real part, we shall restrict the temporal solution to the form
e~ ™! with @ > 0. Then the + k and — k solutions repre-
sent, respectively, outward- and inward-traveling spherical
waves. The two complex spatial functions

hkr) =e~ %" /kr
and
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h k) =e* ™ /kr

are called spherical Hankel functions or spherical Bessel
functions of the third kind and zero order. The two stand-
ing wave solutions j,(kr) = sin (kr)/kr and ny(kr) or yo(kr)
= — cos(kr)/kr that can be formed from them are called,
respectively, spherical Bessel functions of the first and sec-
ond kind (zero order), or else simply spherical Bessel and
Neumann functions. Notice that the spherical Neumann
function diverges at the origin, and for that reason, it does
not really satisfy the source-free Helmholtz equation there.
Instead, this implies that a point source or spatial delta
function in three dimensions should appear on the right
side of the equation. In many boundary-value problems,
the Neumann functions are ruled out because the origin is
included in the region of interest and there is no explicit
source term there.

C. Open-open frustum

This is the simplest case to consider among the idealized
boundary-value problems we shall examine. We imagine
that somehow we are able to establish a wave impedance of
exactly zero at the two open ends of a truncated cone, 7 = r;
and r = r, in Fig. 1. This implies the boundary condition
that p = 0 at each end. In terms of the spherical traveling
wave solutions, this requires that they have equal ampli-
tude at any point and that they be out of phase at each end.
The standing wave solutions are of the form

pl)=sin[k,(r—r)]/r,
where
ky(r, — 1)) = nm,

or
S =kne/2m =nc/[2(r,—r,)] =nc/2L,

with L the length of the frustum. Notice that these are the
same natural frequencies as for an (idealized) open pipe of
length L. The reason for this is that the denominator in the
standing wave p(r) does not enter into meeting the bound-
ary condition, and the numerator has just the form of a
straight pipe standing wave.

An interesting feature of this solution is the fact that we
can take r, continuously to zero. In that limit, we no longer
have an open-open frustum but now a cone complete to its
apex, which of course is closed. Simultaneous with 7, be-
coming zero, we find that the standing wave changes from
having a node at r, to having an antinode there, so the new
boundary condition

a|,mo=—p~'3pr)/drl,_o =0

is satisfied. This proves the claim made earlier that a cone
complete to its apex has the same natural frequencies as an

=T |

P 2
e 2,
(Sl i
n—A\__ ;
Tt — 7

Fig. 1. Parameters used in treating the various frusta.

Ayers, Eliason, and Mahgerefteh 530



open pipe of the same length, even though the boundary
condition at the apex is very different from that at an open
end of a pipe.

If the standing wave is expressed in terms of the spherical
Bessel and Neumann functions, which can be done very
simply using a trigonometric identity on sin k (r — r,), then
we see that n, is required as part of that solution as long as
7,7#0. In the limit as r, goes to 0, the coefficient multiplying
n, goes linearly to 0, consistent with the more common
boundary-value problems that include the origin in the re-
gion of interest. (The standard approach is to rule out the
various Neumann functions because they all diverge at the
origin. It would be more accurate to say that they are ex-
cluded because the origin is neither a source nor a sink for
waves, if that is in fact the case.)

D. Closed-open frustum (small end closed)

For this geometry we will find it useful to define the
parameter B = r,/r,, which is also equal to the small bore
radius over the large one (see Fig. 1). The boundary condi-
tion at r, that p = 0 can be met automatically by taking a
solution of the form p(r) = sin[k (r, — r)}/r. Then applying
the boundary condition that dp/dr = 0 at r = r, leads to

tan[#n(f/f)] = — (1 — B)"'Ba(f/f)), “)
where f, = ¢/[2(r, — r,)] is the fundamental frequency for
the open pipe of length L = r, — r, (see Fig. 2, quadrant D ).

The various roots of this equation are shown as a func-
tion of Bin Fig. 3 (solid curves). Notice that for small values
of B, the tangent plot in Fig. 2 can be approximated as a

B=.5

2.0 1.8 2.8

Fig. 2. Graphical of the dental for the modal
frequencies. Quadrant D, closed—open frustum; octant E, open—closed
frustum; octant F, closed—closed frustum.
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P 7 (T o

i, \x___

B

Fig. 3. Modal frequencies normalized to f,, the fundamental for an o.
pipe of the same length as the frustum. Solid curve, closed—open; dashed
curve, open—closed; dotted curve, closed—closed.

succession of straight lines crossing the horizontal axis, so
for the nth root we find

Soe=n(l — B) fo=n(l — r/r,)c/[2(r, — ry)] = ne/2r,. (5)

The physical significance of this, which is pointed out in
several musical acoustics textbooks, is that for small trun-
cations, the cone closed at its small end acts almost as
though it had been completed to its apex. The musical sig-
nificance is that a nearly harmonic relationship among the
natural frequencies (which can be improved by perturba-
tions of this bore shape) preserves the usefulness of the
slightly truncated cone, since it can then support harmonic
regimes of oscillation.” In Fig. 3, this approximation would
appear as a fan of straight lines, tangent to the solid curves
at B = 0 and intersecting in the lower right corner.

Overall, as B increases from O to 1, the slope of the
straight line intersecting the tangent curve in quadrant D of
Fig. 2 varies smoothly from 0 to — o, and the natural
frequencies drop smoothly from the harmonics of £, for the
complete cone to the odd harmonics of f,/2 for the closed
pipe. For any intermediate value of B, the lower natural
frequencies tend to be a bit sharp from exact harmonics of
the fundamental (cone-like behavior), while the higher nat-
ural frequencies approach the odd harmonics of f/2 from
above (closed pipe behavior).

E. Open—closed frustum (small end open)

The cone that is open at its small end and closed at its
large end is not useful musically, but it is easy to deal with
from our approach. In this case we find it convenient to
return to the form of the solution assumed in part C, since
that automatically meets the boundary condition that
p = 0atr = r,. Then applying the boundary condition that
dp/dr =0at r =r,leads to

tan[7(f/fo)] = (1 —B)~'a(f/f)) (6)
with B and f; as defined in the previous section. (This is the
same as the solution in that section with 1/B substituted for

B. Perhaps a more elegant approach to these two cases
would be to define B as the ratio of the closed end radius to
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the open end radius and let this parameter vary continu-
ously from 0to co. We find it more convenient in represent-
ing our results graphically to stay with our original defini-
tion.)

The interesting feature of this result is the near constan-
cy of the higher modal frequencies while the fundamental
plunges to zero as B goes to 0. The fundamental might very
well be called the Helmholtz mode, because for small B the
air in most of the cone acts like a massless spring, while that
in the “neck” constitutes a stiff plug, just as in the Helm-
holtz resonator. If we take that plug to be a cylinder just
fitting into the neck, its effective length is r,. Notice that
this lowest mode, which can be traced back continuously to
the fundamental for the complete cone open at its large
end, now disappears by dropping to zero frequency. This
loss of a mode is physically reasonable, since closure of the
small end of the cone (with the large end already closed)
means that the air on the inside no longer communicates

/4@ih that on the outside. In terms of Fig. 2, as B drops from

! 10, the slope of the straight line in octant £ drops from
oo to 1, and ultimately the intersection with the first branch
of the tangent curve is lost.

F. Closed—closed frustum

This completely closed structure is clearly of no use as an
acoustic musical instrument, since there is no way to drive
it or detect its standing waves (except by electronic means).
However, as a boundary-value problem, this geometry is
the most interesting because we cannot meet the boundary
condition at either end by a simple choice of the form for
plr). If we impose the boundary conditions that dp/dr = 0
at both 7, and r,, then turning the crank on some algebra
ultimately yields the transcendental equation

tan[m(f/fo)] = [1 + B (1 —B)™af [foP1 7 'a{ f1fe) (1)

As we might expect, the solutions for this case are found
in the remaining wedge of Fig. 2, the octant labeled F.
However we are no longer intersecting the tangent curve
with a straight line, but instead with the more complicated
curve on the right side of Eq. 7. Consistent with our discus-
sion at the end of the previous section, we find that this
curve fails (just barely!) to intersect the first branch of the
tangent plot.

In the limit as B goes to 1, we come back to a straight
pipe, but now it is closed at both ends. We see that it has the
same natural frequencies as the complete cone and hence
the idealized (no end corrections) open pipe of the same

(@th. The standing waves in those two straight pipes are

" % the converse of each other; while the open pipe has
pressure nodes at each end, the closed one has antinodes
there. If we follow the circuitous connection of these struc-
tures through parts C, D, E, and F, we see that the funda-
mental mode of the closed—closed pipe is actually related to
the second mode of the open pipe, the fundamental of the
latter having disappeared (by dropping to 0 Hz) when the
structure became completely closed. This is entirely consis-
tent with the more direct connection achieved by simply
closing the ends of the open pipe in a continuous manner; it
it well known that narrowing or partial closure of an open
end drops all the natural frequencies.'>'® Indeed, the quali-
tative behavior of the natural frequencies in parts D and E
can be understood in terms of that principle and/or the
related one to the effect that widening a closed end also
drops the natural frequencies.
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G. Some references

As is the case for a great many useful calculations in
acoustics, we can trace the work of this third section back
to Lord Rayleigh.'” In particular, article 281 in his Theory
of Sound deals with the open—open frustum of part C and
the closed—closed frustum of part F. That work is done in
terms of the velocity potential, which is equivalent to work-
ing with pressure at any one frequency; however when he
discusses nodes and antinodes of the standing waves, he
speaks in terms of the particle velocity.

Morse'S covers the cone in a general discussion of horns,
including those of exponential and catenoidal shape. The
focus of this work is on transmission coefficients for geome-
tries that would be suitable for loudspeakers, but the reso-
nance frequencies of horns with small mouths are also ob-
tained by looking at extreme values for the input
impedance. Minima in that curve correspond to the open—
open case of part C and maxima to the closed—open case of
part D. He does not consider any structures that are closed
at the large end.

Benade'® has examined the closed-open and open—
closed frusta of parts D and E as specific examples of a
different general class called Bessel horns. Both Benade
and Morse are solving an approximate wave equation
called the “Webster” horn equation (which turns out to be
exact in the case of the cone), so comparison with the pres-
ent work is nontrivial. Our more direct solution for the
simple, special case of the cone could be taken as one check
on their results.

In addition to his purely descriptive work,'* Taylor has
also previously written a book on musical acoustics that
would be suitable for upper division physics majors,'® since
it goes into the differential equations involved. He obtains
the natural frequencies for a cone complete to its apex, first
with the large end open and then with it closed. The style of
his calculation is along the lines of Rayleigh and this paper.
In light of this careful work, we find it surprising that this
author could come up with the explanation in his descrip-
tive book.

1V, THE STANDING WAVES

Often in solving boundary-value problems, we heave a
sigh of relief on obtaining the eigenvalues and move on to
other work, but even if we have no explicit need for the
eigenfunctions, it can be quite instructive to examine them
for an explanation of the behavior of the eigenvalues. This
extra effort is particularly worthwhile in the present case
because of the simple form for the pressure standing waves.

Perhaps a bit surprisingly, it is also at this point that we
can bring the students in a descriptive course in on our
attempts at a physically correct, intuitive understanding of
the major results. Almost all of the books discussed in Sec.
II include the necessary background material for develop-
ing spherical waves: the inverse square law for the sound
intensity from a point source and the proportionality of
intensity to the square of the pressure amplitude. A little
proportional reasoning then shows that a sinusoidal point
source puts out a spherical traveling wave whose amplitude
varies inversely with distance from the source. If that wave
is reflected from a spherical barrier centered on the source,
then the reflected wave shows the same 1/r strengthening
as it converges back upon the source. The two traveling
waves interfere to give a spherical standing wave whose
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pressure nodes are separated by the normal half-wavelength
spacing, but with a 1/r factor governing the overall behav-
ior of its amplitude. Notice that any “distortion” of such a
pressure standing wave compared to the sinusoidal shape
that we see in a one-dimensional situation is in the ampli-
tude only. (The same cannot be said for the radial compo-
nent of velocity or displacement, which can be found by
taking the gradient of the pressure and integrating once or
twice in time.)

We now tailor the general three-dimensional solution to
fit the sequence of four different bores shown in Fig. 4. The
values of B for the four cases shown here are 1, 1/4, 1/20,
and 0, from top to bottom. In our plots of the standing
waves, we employ the usual idealizations that the nodes are
locations of complete cancellation of the acoustic pressure
in the two traveling waves and that such nodes are found
exactly at the open ends.

A, Open—open frustum

It is clear from the figures that in the first three frusta,
the wavelength is unchanged from that for the open pipe of
the same length as the slant length of the frustum. The
progressively stronger distortion of the amplitude by the 1/
rspherical factor as the apex approaches the left end is also
quite clear. If reference to the (virtual) apex strikes the stu-
dents in a descriptive course as a little too abstract, one can
instead define that factor as the reciprocal of the local bore
diameter. However, we must then be careful not to imply
that the wavelength arguments carry over to bores with
other shapes. (The enh t of acoustic pressure with
decreasing bore diameter can be demonstrated quite easily

using a cone of large half-angle as an old-fashioned “‘ear
trumpet” type hearing aid.)

Each standing wave for the complete cone shown at the
bottom of Fig. 4 should be thought of as the limit for the
sequence above it as the left end of the cone finally closes.
Notice that we do not get into any contradictions here. As
long as the left end is open, it is the location of a pressure
node, and for the very same step in which it closes, that
node is replaced by an antinode. The sequence of figures
shows how this happens: the leftmost antinode continuous-
ly increases in strength and approaches the left end until it
simply “runs over” the node that was there.

The important thing to notice in this sequence of closing
the cone from the original open pipe is that throughout the
whole process, including the last step, the wavelength and
hence the frequency for each mode have stayed the same.
Notice in particular the fixed locations of the pressure
nodes. Our claim that the whole fundamental standing
wave for the complete cone (and the similar portion of i
higher modes) is actually a half-wavelength rather thar‘
quarter-wavelength may be a little hard to accept at first.
However, examination of the explicit functional depen-
dence—{sin L ~'r)/r—reminds us that we have seen this
plot before, perhaps as the diffracted amplitude due to a
single slit (with the central lobe twice as wide as the others),
or perhaps as the well-known sinc function of Fourier
transforms, or else as the spherical Bessel function jj,
which is exactly the role that it is playing here. Studentsina
descriptive course will not know about 1’Hopital’s rule, but
they can accept the idea that zero times infinity might be
zero or infinity or, as this case, a finite value.

B= 1.080

B= B.25

B= 8.85

B= 9. 88

AN AR

Fig. 4. Idealized di

waves of i fora
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B. Closed—open frustum (small end closed)

The dashed arcs in Fig. 4 locate the lefimost pressure
antinode and displacement node in each standing wave of
the truncated cones and the straight pipe. If we discard the
portion of the bore and standing wave to the left of this
location, then we have a standing wave for a closed, short-
ened bore but with the same half-wavelength and mode
number as before. Expressing that new bore length in terms
of the half-wavelength then gives us the ratio of this mode’s
frequency to f;, the fundamental for an open pipe or com-
plete cone of the same length. For example, examination of
the top figure in each column yields the familar results that
Hfo=1/2, f/fo=13/2, fi/fo=5/2, and f,/f, = 1/2 for
the closed pipe.

The cases intermediate between the closed pipe and the
complete cone are not so easy to handle. For the students in
adescriptive course, we can locate the antinodes graphical-
Jvand determine f, /f, using the shortened bore lengths.

ever, we must recognize that with the additional trun-
10n, the bore ratio B is also increased, and by different
amounts for different modes. Perhaps the best we can do
for these students is to present the curves for this geometry
shown in Fig. 3, point out that the change from the cone on
the left to the closed pipe on the right is continuous, and
locate the eight specific points that correspond to the inter-
mediate cases of Fig. 4.

C. Open—closed frustum (large end closed)

The relevant standing waves can be seen in Fig. 4 by
locating the rightmost pressure antinode and discarding the
bore and standing wave to the right of it. The very small
shift in location of that antinode for the second and higher
modes shows that their frequencies will hardly vary. The
fundamental frequency, on the other hand, will vary dra-
matically, dropping to zero as the small end closes.

D. Closed-closed frustum

For this geometry, just retain that portion of each stand-
ing wave between its two outermost pressure antinodes.
Notice that there is no such portion for the left column.
This is consistent with the disappearance of the Helmholtz
mode on completely closing the structure and means that
we must shift the mode numbers one column to the right.

V_INPUT IMPEDANCE CURVES

r discussion so far has dealt only with the modal fre-
quencies of conical bores for specific boundary conditions
at the two ends. A more general quantity that is useful to
examine is the input acoustic impedance, defined as the
ratio of pressure amplitude to volume velocity amplitude
(area times particle velocity amplitude), measured at the
input end. This input impedance measurement ‘does not
impose any specific boundary condition on the input end; a
plot of its dependence on frequency yields the modal fre-
quencies for the bore with its input end closed at maxima
and those for the bore open at its input end at minima
(except for the effect of a missing end correction at the input
end).

Figure 5 shows experimental plots of input impedance
for a straight pipe and a nearly complete cone (B = 0.20),
each open at the far end. Their effective lengths for low
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Fig. 5. Input impedance curves for a straight pipe (solid) and a frustum
(broken) of the same effective length.

frequencies are approximately equal at about 50 cm. The
data were obtained by the capillary excitation technique,?®
using apparatus designed by one of us (L.J.E.) which will be
described in a separate article.?! The shapes of these curves
can be understood quite easily in terms of the standing
wave plots. As the frequency is increased from zero, the
wavelength decreases, but the standing wave must always
have a pressure node at the open, output end of the bore. In
the process of shrinking the wavelength, whenever a new
pressure antinode passes through the input end, the input
impedance hits a maximum. Similarly, a new pressure node
passing through the input end gives rise to an impedance
minimum.

The regular spacing of nodes and antinodes in planar
standing waves gives rise to the regular sequence of imped-
ance extrema for the straight pipe, with the maxima falling
midway between the minima. The fact that the location of a
pressure node is not influenced by the 1/r spherical ampli-
tude factor explains the stability of the impedance minima
when the straight pipe is distorted into a cone. (The slight
deviations visible at higher frequencies are due to the fact
that the open-end correction at the large open end of the
cone is decreasing there.??) On the other hand, a pressure
antinode is shifted away from the large end by the 1/r fac-
tor, requiring a higher frequency for the cone than for the
pipe to place it at the input end and generate an impedance
maximum. The small value of B used here assures that each
impedance maximum is shoved fairly close to its upper lim-
it—the fixed minimum above it.

Fletcher!! and Taylor'® both claim that there is no dif-
ference between an open apex and a closed apex, in
Fletcher’s argument because of the mathematical singular-
ity there and in Taylor’s (erroneously) because everything is
damped out there. We see now that a less abstract and more
physically relevant statement is that, as the cone ap-
proaches completeness, the maxima and minima of input
impedance seen from the small end become negligibly dif-
ferent in their frequencies.

VI. IMPULSE ANALYSIS

Backus’s pedagogical discussion in terms of a pulse
wave'* works fine for truncated cones that are open at the
small end, but it gets into trouble with the complete cone.
The difficulty arises out of failure to distinguish between
the pulse and what we have called its permanent part in Sec.
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IIIA, the numerator f{r + ct ) of the general formf'(r 4 ct )/
r. Closure at the apex clearly calls for a velocity node and
hence a pressure antinode there. We might expect to meet
that boundary condition with a simple, noninverting reflec-
tion of the permanent part, but it is the sum of the two
pulses (including their diverging 1/r factors) which must
satisfy the boundary condition. This is achieved with a sim-
ple inversion in sign of the permanent part. Then the zero
value and vanishing second derivative for the sum of the
permanent parts at the apex guarantee a finite pressure
with zero gradient there by 1’Hopital’s rule.

The case of the frustum closed at its small end presents
another difficulty for the pulse discussion. It is clear from
the nonharmonic relationships among the modal frequen-
cies found earlier that there must be distortion of the pulse
on reflection which cannot be undone by later reflections;
otherwise there would be some period for the pulse’s over-
all motion, implying harmonic modal frequencies. The
idealized reflections from an open end of a bore or the
closed end of a straight pipe are both reversible distortions
in that another reflection from the same type of end com-
pletely undoes the first distortion. The distortion upon re-
flection at the apex of a cone is the same as for an open end.
This explains the harmonicity of the modal frequencies for
the closed pipe, the open pipe, the open frustum, the com-
plete cone, and the pipe closed at both ends, the first of
these requiring two round trips for a fundamental period,
the others only one.

In the frustum closed at its small end, the only candidate
for a nonreversible distortion of the pulse is the reflection at
the closed end. Unfortunately, the distortion there as de-
scribed by Backus is quite reversible, and the same as for a
closed end of a straight pipe. He also implies that there will
now be a nonreversible distortion at the open end, while
that was supposedly not the case when both ends of the
frustum were open.

The actual distortion at the closed end can be found by
expressing the boundary condition there in terms of the
permanent parts of the two pulse waves, Fourier trans-
forming that relationship, solving for a transfer function,
and inverse transforming to find the impulse response for
the reflection.”” In doing this work, we find it convenient to
set up an origin of coordinates at the closed end, where
r=ry, so that @ = r — r, and the incoming wave has the
form f(t + a/c)/r. The most convenient expression for the
reflected wave has the form g(t — a/c)/r. The result of this
calculation tells us that for any incoming permanent part
[(t), thereflected permanent partg(t )is obtained by convolv-
ing f(¢) with the impulse response

Lit)=8(t)—2t e WM H ), (8)

where (¢)is the Dirac delta function, H (¢ ) is the Heaviside
step function, and #, = r,/c.

This interesting form shows that the reflected perma-
nent part includes a mirror image identical with that for the
closed end of a straight pipe [from the § (¢) term] plus an
additional term that gives it an inverted, exponentially de-
caying “‘wake,” which is certainly a nonreversible distor-
tion. In the limit as r, goes to infinity for the straight pipe,
we see that the wake term has infinite length and zero
strength, so we recover the correct behavior. In the other
limit, as ; goes to zero for the complete cone, the wake
term becomes a delta function of strength — 2 at the ori-
gin, neatly cancelling the straight pipe term and leaving the
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net — & (t) that we need for the inverted reflection in that
case.

The transfer function, which represents the filtering ac-
tion of the reflection as a function of frequency, is just the
Fourier transform of the impulse response. Its very simple
form,

Tio) = — (1 —jot /(1 +jot,) = e#,
where ¢ = 7 — 2 arctan (wt,), shows that the nature of the
distortion on reflection is merely a varying phase shift for
the different Fourier components of the permanent part.?*
The low-frequency limit of that shift is 7, and the high-
frequency limit is 0. In the limit of the complete cone, ¢,
goes to zero and all frequencies look “low,” while the
straight pipe limit has #, going to infinity and all the fre-
quencies look “high.” Thus we obtain the two extreme lim-
its of simple inversion or noninversion on reflection,
neither of which distorts the permanent part.

To display the behavior for intermediate values of ¢,, w
have convolved the impulse response for several values of]
with an input pulse of finite width whose permanent partics
one period of a raised, inverted cosine curve (a Hanning
pulse):

fle) =1t /T — 1/2)[1 — cos(2mt /T)]/2

(see Fig. 6). Here the symbol II(x) stands for the rectangle
function, defined as having value 1 for |x| < 1/2 and value
zero otherwise. These curves show a smooth transition
between the two extremes. For small values of ¢, as the
reflected pulse becomes almost perfectly inverted, we find
that it is delayed relative to the incident one by 2¢,, the time
for the round trip on to the (virtual)apex and back. Thus we
again find the slightly truncated cone acting as if it were
completed to its apex, as was pointed out in the discussion
of Egs. (4) and (5).

Our discussion so far has been concerned only with
pulses reflected at the truncated end of the cone. If we also
require that fand g be related by a simple inversion at the
openend [ie., thatf(t 4+ L /c) = — g{t — L /c)], we obtain
exactly the same transcendental equation for the natural
frequencies as before [Eq. (4)]. When the cone is complete,
corresponding to ¢, = 0, an impulse incident on the apex is

2 = T 21 3r

Fig. 6. Refiections of a Hanning pulse from the closed small end of a cone
for different values of 1, = r,/c.
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reflected with a simple inversion and the natural frequen-
cies are harmonically related. But when the cone is truncat-
ed, the waves associated with each reflection at the closed
end successively degrade the pulse and introduce nonrever-
sible distortion. Such distortion prevents a return to the
original pulse shape and thus prevents periodic behavior.
Since periodic behavior occurs if and only if the natural
frequencies are related harmonically, we see that the pres-
ence of the wake corresponds to the existence of nonhar-
monic natural frequencies:

Before we show how the shape of a pulse is changed by a
succession of reflections, let us describe the input pressure
pulses with which we will be working. In our experimental
system, the input at the small end of the cone is a volume
velocity pulse rather than a pressure pulse. The pressure
impulse response to a volume velocity impulse as input is

plt)=peS i 'Lt),

e,
) =8()— 17 e HH ),

(S is the cross-section area of the bore at the input end.) We
obtained this result using the same approach as for /5, but
with the boundary condition that at 7 = r,
dv
Vp Por
it is also given by Morse.'® Notice that relative to the § (¢ ),
the wake here is only half as strong as that for 5(¢ ) given in
Eq. (8). The next figure (Fig. 7) shows the effect of several
reflections of a pulse. Curve v shows the volume velocity
input, 2 Hanning pulse that approximates the input of our
experimental system. (This is the same function as that
used for the input pressure pulse in the previous figure.)
Curve e shows the resultant outgoing pressure pulse. As-
suming that an outgoing pulse is eventually changed to an
incoming pulse as the result of a simple reflection without
inversion, curves g,, g, and g, show the results of sequen-
tial reflections at the truncated end of the cone. The pro-
gressive changes in the pulse shape are quite clear.
We have observed multiple reflections experimentally in
a closed—open frustum. In order to display fand g separate-

1.8 e
e=Isv
9," I;* @
8.5
5 g,= I* g,
9" 1% 9,
yd
8.8
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] T 2T ar 41

Fig. 7. Successive distortions of a Hanning pulse as volume velocity input.
Curve v, volume velocity input; curve e, pressure variation in the input
pulse; curves g,, pressure variation in the pulse after n reflections at the
closed small end of the cone.
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ly, we placed the microphone near the middle of the frus-
tum. A velocity pulse generated at the small end using a
small piezoelectric transducer® gave rise to a pressure
pulse which was then reflected repeatedly at each end. The
first segment of the upper curve in Fig. 8 shows the pressure
at the middle of the cone as the pulse produced at the small
end moves past the microphone toward the large end. The
following segments show the pulse after sequential reflec-
tions at the large and small ends. As predicted by the analy-
sis, the wake is present in the first pulse and is modified by
the sequential reflections. The fine structure that is espe-
cially prominent in the early segments is due to ringing in
the transducer.

We have calculated the extended impulse response of
our system for a Hanning pulse volume velocity input un-
der the assumptions that (a) only a simple inverting reflec-
tion with a slight loss occurs at the far end [/, = — d,6 ()
with d, < 1], and (b) there is another constant-amplitude
loss factor upon each reflection at the near end (actually
arising from damping in propagation as well as the finite
stiffness of the transducer closing the small end). The result
is shown in the lower curve.

If we were to shift the microphone gradually along the
frustum until it reached the small end, we would see the
succession of incoming reflections f, shifting later in time
until each f, overlapped the corresponding g, , with their
leading edges coinciding. At that point, we would have the
extended impulse response whose Fourier transform was
simply the input impedance curve for the cone shown in
Fig. 5.

VIL. CONCLUSIONS

The cone is a geometrically simple structure that shows
acoustically simple behavior, with harmonic natural fre-
quencies. In order to establish the connection between
structure and behavior as clearly as possible, we found that
we had to abandon the variables almost universally favored
in lower division textbooks and focus on the simpler behav-
ior of the acoustic pressure. The traditional prejudice in
favor of particle velocity or displacement could perhaps be
argued on the basis that these are somehow less “abstract”
quantities, at least conceptually and for beginning stu-
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Fig. 8. Extended impulse resp howing multiple reflections in a
closed—open frustum; microphone located near middle of frustum: (a) ex-

perimental, (b) calculated.
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dents. However, anyone who performs even the simplest of
experiments with acoustic standing waves quickly realizes
that it is pressure to which ears and the vast majority of
microphones respond. At the input end of most wind in-
struments, it is the pressure variations which provide the
feedback control to the driver. The manipulation of stand-
ing waves in a bore by establishing contact with open air at
the end of the bell or an open side hole is most easily inter-
preted in terms of the pressure nodes created there.

Probably the most desirable state of affairs is to be able to
describe a situation in terms of either pressure or particle
velocity, and to move back and forth easily between the two
descriptions according to whichever is the most convenient
at the time. (This is somewhat analogous to using the alter-
native time- and frequency-domain descriptions, which are
connected by the bridge of the Fourier transform.) There
are of course the more sophisticated concepts of acoustic
impedance and velocity potential, but these are also notice-
ably more abstract. We believe that the present work makes
a good argument for putting pressure on at least equal foot-
ing with velocity or displacement.

Devoting this much attention to such a simple structure
as the cone may seem inappropriate, but unfortunately, we
find that the confusion about its behavior is not limited to
descriptive textbooks. We have found some significant er-
Tors in the research literature,”*>® and these articles are
being cited by other authors. The cone is an important
structure in itself, serving as the basis for so many practical
instruments because it is one of the few bore shapes that
have all their first several resonances lined up in a harmon-
ic series. In calculations for larger classes of horns,'>'® we
have seen the cone fall out as a special case. It also serves as
the basic element for a careful theoretical analysis of horns
with nonuniform flare.”>° If we have a solid, physically
correct understanding of the cone, then we can use thatas a
basis for interpretation of the results in these mathemat-
ically more complicated cases. It is our hope that this paper
has contributed to an increase in that understanding.
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